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ABSTRACT 

This document describes and defines a simplified a t t i t u d e  

E f f o r t s  are  made t o  es tab l i sh  
control system f o r  a 24-hour satell i te t o  be placed i n  an equa- 
t o r i a l  o rb i t  about t he  earth.  
operating charac te r i s t ics  f o r  a generalized and theo re t i ca l  
s a t e l l i t e .  Use of a theore t ica l  satellite, without the  re- 
s t r i c t ions  of f ixed configuration, pennits the mathematical 
determination of t he  satell i te 's  behavior a d  o r b i t a l  tendencies. 

The theore t ica l  vehicle under study uses a three-&s 
r"ljwheel-contro1 system f o r  a t t i tude  control. 
reference i s  obtained from two ear th  horizon seekers. The sun 
i s  used f o r  yaw reference. 
orientation of s o l a r  c e l l  banks f o r  optimum sun energy trans- 
f e r  i s  included. 

Ro l l  and pi tch  

I n  addition t o  a t t i t ude  control,  

This document w i l l  endeavor t o  define and evaluate a 
theore t ica l ly  workable system capable of maintaining both 
a t t i t ude  control  and solar-cell-bank or ientat ion f o r  a 24-hour 
o r b i t  equatorial  s a t e l l i t e  
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TABLE OF SYMBOLS 

units  Definit ion 

Rotating reference axes No units 

Space-f ixed reference axes No uni ts  

Earth s orbit aJ_ ro t a t iona l  
angle about t h e  17 -axis 

R a d i a n s  o r  
Degrees 

Vehicle-f ixed axes No units 

Vehicle rotat ional  angles 
defined i n  Figure 2 

R a d i a n s  o r  
Degrees 

Intermediate reference axes 
defined i n  F i g w e  2 

Solar  bank pr incipal  axes No uni ts  

Solar  bank servo-drive angle 
defined i n  Figure 3 

Radians o r  
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Voltage output of a sensor 
element Volts 

Angle between sensor plane 
normal and incident sun ray P R a d i a n s  

Vol t s  K 

El 

Sensor element constant 

Voltage output of sensor 
face #I Volts 

E2 Voltage output of sensor 
face  $2 Volts 

Volts Difference between E2 and E1 

Yaw sensor  face #1 coordinates 
defined i n  Figure 8 No units 

Yaw sensor face #2 coordinates 
defined i n  Figure 8 No U n i t s  

Incl inat ion of yaw sensor faces, 
defined i n  Figure 8 
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U n i t s  - Symbol Defini t ion 

Reference axes defined by 
Figure 10a No uni ts  

A,  E,C Reference axes defined by 
Figure lob No units 

Earth's  o r b i t a l  ro t a t ion  angle 
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Figure lob 
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coordinates defined i n  Figure 11 

Servo-drive sensor f ace  #2 
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No units 

- 1 -  #-I 
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Inc l ina t ion  of servo-drive sensor 
faces,  defined i n  FiEure 11 Radians 

Radians Sensed servo-drive angle 

Dots over symbols indicate  
time derivat ives  

.. 
No units 1 

-+ 
0 General instantaneous vehicle  

a n g u l a r  ve loc i ty  Rad/sec 

Components - - -  of ??along vehicle 
axes X,Y,Z Rad/sec 

Vehicle angular veloc i ty  about 
t h e  ro l l ,  p i tch  and yaw axes Rad/sec 

Grams  The mass of a solar c e l l  bank 
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Syn-bols 

d 

Defini t ion --- --- U n i t s  - 

The distance between the vehicle  
pi tch axis ( v )  and solar bank 
a-axis cm 

Dimensions of solar cel l  bank, 
defined by Figure 13 

Principal  moments of i n e r t i a  of 
a solar c e l l  bank along axes a, 
b, and C. m-cm sec2 

Total moments of inertia of the  
vehicle and both solar ce l l  banks 
along x, 7, and z. 2 gm-cm sec  

Vehicle manents of i n e r t i a  about 
t h e  r o l l ,  p i tch and yaw axes. 2 

2 

gm-cm sec 

m-cm sec Flywheel moment of inertia 

Roll, pitch and yaw flywheel 
angular displacements Radians 

Jet torques about t h e  vehicle 
r o l l ,  pitch and yaw axes 

Disturbance torques about t he  
vehicle r o l l ,  p i tch and yaw axes m-a  

Radians 

Radians 

No un i t s  

Desired sensed yaw angle 

Compensated yaw s igna l  

Yaw compensating amplif ier  gain 

Amax lJlaximum limited solar bank 
angular velocity 
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INTRODUCTION 

This report  is  the resu l t  of a s tudy made on a simplified 
satell i te control  system. For any study of t h i s  type, cer ta in  
basic  assumptions m u s t  be made on which theo re t i ca l  conclusions 
can be based. 

Assume then, t h a t  a s a t e l l i t e  is placed i n  a 24-hour equa- 
t o r i a l  o r b i t  about t he  earth. The assumed satell i te would use 
a three-axis-f lywheel-type a t t i t ude  control  system obtaining 
i ts  p i tch  and r o l l  a t t i t ude  s t ab i l i za t ion  by sensing the  ear th ' s  
horizon. Yaw a t t i t ude  is obtained by referencing the  sun. 

Because of s imi l a r i t y  t o  the previous "Three Axis Study of 
A Flywheel T y p e  Attitude Control System", frequent references 
t o  t h i s  report  w i l l  be made. 

Since the  most pract ical  power source f o r  such a s a t e l l i t e  
vould be solar power, provisions are  included t o  use t h e  sun's 
rays and so la r  c e l l s  f o r  this purpose. 
are oriented toward the sun a t  a l l  times, i n  order t o  obtain 
m a x i m u m  energy t ransfer .  Theoretical considerations indicate  
a r e l a t ive ly  simple control system could be designed t o  sense 
and keep the solar c e l l  banks oriented toward the sun. 

With these f ac to r s  i n  mind, mathematical analysis of the  

Two banks of solar c e l l s  

en t i r e  system can be underkaken. 

DDlImTION OF ORBIT AND REF'SR3KCE COORDIHATES 

The assumed satell i te is launched i n t o  a 24-hour equa- 
t o r i a l  o rb i t .  
the  earth,  a s e t  of reference coordinates m u s t  be defined. 
24-hour equator ia l  s a t e l l i t e  is a spec ia l  type of o rb i t .  
sa te l l i te  lies i n  the  earth's equator ia l  plane and it orbits 
the  ear th  at t h e  same r a t e  as the  ear th  rotates .  
fore be seen t h a t  the s a t e l l i t e  would remain seemingly fixed 
above a given subpoint a t  the equator. 

To locate the s a t e l l i t e ' s  o rb i t  with respect t o  
The 

The 

It may there- 
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The ro ta t ing  reference axes X, Y, and L, as i l l u s t r a t e d  i n  
Figure 1, maintain constant ro ta t ion  relative t o  the  space-fixed 
reference frame 5 , 7 , and 7 .  
axis is  directed toward t h e  sun and the  
t h e  o rb i t a l  plane. The o r b i t a l  ro t a t iona l  angle is about 
t he  9- axis, thus maintainin? alignment of t h e  7 and Y axes. 
This relatiOnShiF can then be expressed as: 

A t  the  vernal equinox, t he  5 - 
5 y-plane l i e s  i n  

. 

I. 1 

Consider x, ?, and 2 t o  be vehicle f ixed  axes aligned with 
the  vehicle's pr incipal  axes. 
ro ta t iona l  angles whick: are defined i n  t h e  following sequence. 

Figure 2 illustrates the  three 

1. 4 is  a counterclockwise ro t a t ion  about Z, 
YALj re-orienta&ing the  body axes from X and Y 

t o  XI and Y', respectively. 

2. 8 is  a counterclockwise ro t a t ion  about-yl, 
(PITCH ) re-orientating the  body axes from Z and XI, 

t o  L1 and x,respect ively.  

3. + i s  a counterclockwise rotation-about 
re-orientating the body axes from Y' and Z 1  , 
t o  Y and 2,respectively.  

(ROLL 

Thus t he  body-fixed axes may be spec i f ied  as 

1.2 

-sin8 lrxl sin+cos8 1 p I cos+sinesin+ sin+sin8sin\CI cosOsin+ //*I 
-sin+ cos+ +cos+cos+ 

cos&in8cos+ sin f sin@cos+ cosGcos+ ]b] 1'1 I +sin+sin+ -c s+sinJ/ 



Substi tuting 1.1 into 1.2 gives 

- - -  
R 

V = 

Z 
- -  

4 

cos+cose~ssl 
-sin8si& 

cos+sin&in+cosil 

-sin+cos$cosQ 

+cos&in+sinil 

mS+sin&os+cosi2 

+sin+sin$cosi?, 

+cos&os+sinG - 

I .3 

-- -c 

sin+cosB -cos+cos&inll 5 
-sin&o& 

sin+sin&in+ sin+cos+sinil 

+ c o s 4 c o s ~  -co+sinBsin$sinR 7 
+ cos&in+mss1 

sin+sin8cosJI c o s 8 ~ c o s i 2  

- cos+sin+ - sin+in+ini?, Y 

This matrix or ien ts  the s a t e l l i t e ' s  body-f ixed control  
axes t o  t h e  space-fixed axes and includes the  o r b i t a l  ro ta t ion  
angle i2 . 

The or ientat ion of t h e  solar c e l l  banks must now be examined. 
These solar c e l l  banks are geometrically considered t o  be rec- 
tangular parallelepipeds.  Consider axes a, b, and c aligned w i t h  
the  pr inc ips l  axes of the s o l a r  banks and b always alizned along 
the  vehicle 's  ? 4 s  which is the  vehicle  pi tch d s .  The senro- 
drive angle 
so l a r  banks r e l a t ive  t o  t h e  vehicle. 
'Tigure 3. 

about 5 w i l l  then specify the or ien ta t ion  of the 
This is  i l l u s t r a t e d  by 

Thus 

1.4 

cosx 0 
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(cosecos~coss1 7 

-cos+sin8coslC/sin.G 

-sin+sin@inSl)sinX 

-(cos+cosGsin s1 
+sin BcosQ,)cosX 

sin + cos+sinG 

+cos 9si n+co& 

-cos+sin&inJ/sinL? 

(cos+cos&inG 

+sin@cosQ,)sinX 

+ ~cosecos~~ssz 
-m+sin&os+-sinQ, 

-sin +sin$sinQ,)cos A, 

This expression defines the  solar bank orientat ion with 
respect t o  t he  body-fixed axes. 

Substi tution of Hatrix 1.4 i n t o  1.3 gives the  complete 
specif icat ion of the solar banks r e l a t ive  t o  t he  space f ixed  
reference frame 

1.5 

~cos+cosecossl 
-sin&inn))cosX 

+(cos +sinQcosJ/cosQ 

+sin+in+cosL?, 

+cosecos+sinQ,)sinX 

cos+in8sin+cosQ 

-sin+cos$asQ, 

bcos8sinqsin.Q 

sin+cos&osX 

+(sin#sin€koslC/ 

-cos+sin@sinX 

sin+sinBsin$ 

+cos~cos+ 

(sin+si&os\l/ 

-cos+sin\CI) cos1 

-sin+ os BsinX 

The d v f e r e n t i a l  servo dr ive and yaw sensors are mounted 
on the  s o l a r  c e l l  banks as i l l u s t r a t e d  i n  Figures 4 and 5. 
fore,  t h i s  matrix is necessary t o  specify t h e i r  outputs. 

There- 
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To express the  output of t he  yaw sensor, consider Figures 6 
and 7. 
element as a function of the  sun'S incident angle ( p  ). 
re lat ionship is expressed as 

Figure 6 illustrates the voltage output ( E )  of tine sensor 
This 

1.6 

E = K  cosp 

where E; is a function of t h e  sensirg element used. The  angle i s  
measured from the normal of t h e  sensor plane t o  the incident sun 
ray. Figure 7 i l l u s t r a t e s  the geometrical configuration of t he  
yaw sensor and shows the  resul t ing yaw sii<nal output (L). The 
output i s  d i f f e r e n t i a l  and may be expressed ss 

1.7 

where both E, and E, are given by Quation 1.6. 

Since the yaw sensor i s  mounted on the  s o l a r  c e l l  bank, the 
fixed or ientat ion of the t w o  sensor faces r e l a t ive  t o  the  solar 
c e l l b a n k  coordinates be determined. Figure 8 illustrates 
t h i s  relationship. 

Consider axis 2, t o  be normal t o  t he  sensor #l face and 
axis 2, t o  be noma1 t o  the sensor f/2 face.  
are inclined at an angle 
b,c-plane. 
ax is  c, then 

Eoth sensor faces  
with ZesFect t o  the solar c e l l  bank 

If both axes c I  and c2 are always aligned along 
> 

I .8 

For Sensor # I  

A L  .I 
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1.9 

If 5 j s  an axis p a r a l l e l  t o  t he  incident sun rays, then  Equations 
1.6 ar,d 1.7 give the  yaw sensor output as 

1.10 

E,= K ( c o s ~ ~ , W  - COS/W, , A )  

where /zl,x i s  the  angle between the z , - ~ g  and x-axis znd 
/ & , A  is t h e  angle between the  ap-axis and L a x i s .  

Since i4atrix 1.5 describes tke re la t ionship  of t he  solar 
c e l l  banks relative t o  space f ixed  coordinates, t h e  d i rec t ion  
of t h e  incident sun rays (A) with respect  t o  the  same space 
f ixed  coordinate set m u s t  now be determined. This would then 
completely spec i fy  the  yaw sensor output as given by Equation 1.10, 

Figure 'j provides a p i c to r i a l  representation of t he  necessary 
coordinate systems. Consider 8 as t h e  o rb i t&  angle f o r  describing 
the  ear th ' s  motion about t h e  sun. Because of the  23 1/2 degree 
incl inat ion of the  equator ia l  plane with respect t o  the  e c l i p t i c  
?I.zre, txo m s t r i x  transformations i n  terms of t h i s  angle and 8 
are necessary t o  loca te  with respect t o  the  (,, ,y-space-fixed 
coordinate system. This is  demonstrated by Figure 10. The first 
transformation i s  given from Figure 10a as 

I. I t  

I O e  0 I]=[ ; cos23+O s in23* j [  k] 
- s i n 2 3 + *  coS23*O y 

where AI3C is a coordinate se t  such t h a t  A is aligned along 5 
and B i-; normal t o  the  plane of the e c l i p t i c ,  



. 

The second transformation is given from Figure lob as 

1.12 

X cos8 o -sin8 A [i=[s;8 b c:Jk] 
- --. - 

where ,A B C is a coordinate se t  such t h a t  
B and A is i n  t h e  d i rec t ion  of t h e  incident  sun rays. 

is aligned along 

Combining Matrices 1.11 and 1.12 gives 

1.13 

or  

where the  elements dij are given by the elements of Xatrix 1.5, 
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then 

1. 15 

asp 0 
0 I 

And 

I .  16 

0 

Matrices 1.15 and 1.16 are derived by using 
1.9,  1.13 and 1.l-4 and are necessary t o  detemine 
and/& ,x, respectively. 

i%il.tiFlying out only the  necessary terms of Matrices 1.15 
and 1.16 gives 

I. 17 

cos8 d,, cosp- d,, sinp 

h399sil$[d,,msp- d,,sind - 
c I 

.- -. 
:917sin8 Id, psp- dZ3 s m d  



And 

1.18 

1 1 1 cos8[dll cosp+d,,sinp] 

cosp i- d,, sin& 399sin8[dI,cosp+ d,,sinJ 

~917s in8[d , ,c~~td , ,s i  np] 

Therefore from Q u a t i  on 1 . 10 
1.20 

E; 2 Ks i n p [d2 , c o s8 + (399 d,, -. 91 7d2, 1 sin 4 
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Substi tution f o r  the elements of d i j  from Piatrix 1.5 gives 

1.21 

E; 2Ksinp.[coa(cos+sinesin+cos~- sin+cos+cosfi+cosesin+sinfi) 

+ sin8 ( . 9 1 7 c o s + s i n B s i n ~ s i n ~ - . 9 1 7 s i n ~ s ~ s i n f i ~ 9 1 ~ c o s 8 s i n ~ c o s ~  

This defines the desired voltage output (5,) of the ysw 
sensor as a funct ion of all variables .  

If it i s  assuiec tha t  

I. 22 

E,,= 2Ksinpsin ny where ny=sensed yaw angle 

Then 

1.23 

For  the spec ia l  case of  8 = 0' (vernal  equinox), Equation 
1.23 reduces t o  

I .24 

for 6= oo 

. 



Reference t o  Iqatrix 1.5 shows t h a t  t h i s  sensed yaw angle 
may be defined as the  comFlement of the angle between the  incident 
sun rays (<-axis s i n c e 8 =  Oo) and the  b-axis of t he  solar ce l l  
bank. This justifies the  introduction of Equation 1.22. 

The angle 8 describes the changes of the  yaw sensor output 
as t h e  earth orbi t s  t he  sun. Xote that f o r  8 = 90' (summer 
s o l s t i c e )  t he  expression f o r  the sensed yaw anfle  becomes 

I. 25 

Comparison of Equation 1.25 with Equation 1.24 shows t h a t  
there i s  an effect ive phase s h i f t  of 90" f o r  t h e  reference point 
of fi and t h a t  there  is  an added b ias  term of .399(cos~cos\cI 
f s i n # s i n  8 s i n J I  ) . 
the constant value of,.399 when % =  90°. By then defining a 
new reference angle 52 such that  

For +, 8 and small, t h i s  bias  term becomes 

1.26 

sz= goo+ sz' for 8 = 9 ~  

'{quation 1.25 may be re-tsritten as 

1.27 

sin A; .917(cos+sin8sinJI- sin+ COS+) cosfi'+, 91Xcos8sinJI) sin a' 

+.399(cos+ cos++sin+sin8sin+) for 6 = ~  

If Zquations 1.27 and 1.24 are  now compared, they are found 
t o  be qui te  similar, especially if the b ias  term i s  removed by 
biasing the  yaw sensor an equal but opposite amount. 
may be accomplished e i ther  by using an i n t e r n a l  t h e  reference 
o r  by control from a ground station. 
a re  t h e  .917 attenuation term and the  e f fec t ive  phase si-if% of 
t he  = Oo reference Foint. As fa r  as the  vehicle 's  a t t i t ude  
r e l a t i v e  t o  the  earth is concerned, t h i s  reference phase s h i f t  

This biasing 

The only differences then 
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is  ignorable. Therefore, by using bias and increasing the  gain 
as a function of 8 , equation 1.24 may be in te rpre ted  as val id  
f o r  a l l  8 such tha t  0 5  8 I 90°. h i t h  similar reasoning ana 
including the  b ias  and gain increase considerations, Quat , ion 
l.24 may be extended t o  apply f o r  a l l  values of 8 . Thus, 

1.28 

where as a functLon of 6 t h e  necessary stezdy-state bias term is 
L J  kiven by ( Ay )bias= ,399si12 6 and can be subtracted from the  
sensed yaw aqgle. 

A s  i n  the Frevious progress report ,  t h e  sensed p i t ch  angle 
i s  the  complement of t h e  angle between t h e  Z-axis and t h e  x-axis. 
The sensed roll angle is  the  complement of t he  angle between the  
Z-axis and the y-axis. 
with Zquations 1.2, these sensed angles may be wr i t ten  as 

Using a d i rec t ion  cosine matrix comparison 

1.29 

where A - sensed pitch angle d Ap= -e  

sin A,= cos &in \cI where A, = sensed roll angle 

Theref ore the  complete expressions f o r  the  sensed a t t i t u d e  
angles be come 

1.30 

sin A; cos 9si  nJ/ 

Even though the  use of bias and g a i n  increase f o r  the  yaw 
sensor removed unwanted terms i n  t h e  control  loop, there  w i l l  
s t i l l  be a power l o s s  from the solar ce l l  bank as a function 
of 6 . This is  because the  incident  sun rays do not remain 

'. I 
- I  
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. 
S 

perpendicular t o  the solar banks as the  ear th  o rb i t s  t h e  sun. 
Since the  maximum voltage loss is l e s s  than $, there  w i l l  be 
a maximum power loss of aFproximately 169 occurring a t  t he  
8 = 90° and 6 = 270' points (gummer and w i n t e r s o l s t i c g r e -  
spectively).  When 6 = Oo or 8 = 1800 (vernal and autunnal 
equinox) the  sunlight is again perpendicular t o  the  solar banks 
and full power output of t h e  so l a r  c e l l s  can be achieved. 

Observing q u a t i o n  1.30, note t h a t  the  sensed yaw annle 
( Ay) is indepndent of t he  servo-drive-loop s igna l  ( X . Also, 
both pi tch and r o l l  sensed angles ( A,, and A, ) are  independent 
of the angle c$ which is always about the  Z-axis ( loca l  v e r t i c a l  
axis). 
angle of revolution ( a ). This is a d i r e c t  consequence of the 
defined sensor angles. 

Pi tch and r o l l  angles are a lso  independent of t he  o r b i t a l  

The expression for sensed vehicle yaw ( 4 ) presents some 
i n t e r e s t i r 4  cases. F i r s t  consider Oo 3s i l l u s t r a t e d  by 
Figures 1 and 4. Then from Equations 1.30 

1.31 

sin A; oos+sin&inJr- sin+cos+ for Q=OO 

which f o r  small angles (i .e . a l l  angles + 0 )  reduces t o  

This shows tha t  the  sensed yaw s igna l  is primar5ly -4 , since 
f o r  small angles +>>e$. >hen the pi tch and r o l l  channels are  
nulled, t h i s  becomes exact and 

1.33 

A,. -#I for i2=0a 
s=q = O  
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lJext consider the  case f o r  fi = 90'. 
i - l lustrated by F i , g r e s  1 and 5 . Tken from Equations 1.30 

This condition is  

1.34 

sin A =sin A,. 
Y for n=90° 

.'.A; A, 

Tor t h i s  condition a l l  sensed vehicle r o l l  is  coupled i n t o  the  
yaw control loop causjng yaw ro ta t ion  about the  Z-axis. This 
represerts a state  of confusion since the  yaw sensor is unable 
t o  see the vehicle yaw ro t a t ion  and as a result the re  i s  no 
S-aw cor;trol  f o r  a = YO0. 

;hen a= 180°, Equation 1.30 shows t h a t  

1.35 

sin A; -cos+sinesin*+sin+cosJI for i2 = I800 

1 ote tha t  the  po la r i ty  sense of A y  i n  Equation 1.35 i s  the  nega- 
t i v e  of t h a t  i n  l3quation 1.31. 
as soon as 
1.30. 
-1, P is controlled t o  -Y, and z i s  controlled t o  +Z f o r  t h i s  yaw 
po la r i ty  inversion. This shows, then, t h a t  the vehicle  m u s t  r o t a t e  
180" about t h e  Z-axis aftera exceeds 90°. 

T h i s  po lar i ty  inversion occi1.rs 
exceeds 900 because of the c o s a  term i n  Equation 

Sonsequently (p is controlled t o  180°, x is controlled t o  

Nhen a= 270°, t he  yaw expression i n  equation 1.30 reduces 
t o  

1.36 

sin Ay=-o&sin+= - sinAr for a = 270° 

.'.A<-Ar 
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c o y 1  0 -sinp I 

sinpl o Cospl 

0 I 0 

-- * 
a 

FOB smsm #1 b 

c 
a- A 

For t h i s  condition of a- 270°, any sensed vehicle  r o l l  is  
negatively coupled i n t o  the  yaw control  loop causing yaw ro ta t ion  
about t he  Z-axis. This a l s o  represents a state of confusion 
caused by the  absence of yaw control at fi = 270° . For the same 
ro ta t ion  caused by the  r o l l  disturbance, Equation 1.36 is of 
opposite s ign  t o  Equation 1.34. 
t he  a-  2700 point, there must be another 1800 ro t a t ion  about 
t h e  Z-axis. 
H,Z, controlled t o  XYL u n t i l  the 

Thus, a f t e r  t h e  vehicle passes 

Therefore, $ w i l l  again be controlled t o  Oo and x, a= 90° point is again reached. 

- 
a 

b 

C - 

The development f o r  the  servo-drive-sensor output is  similar 
t o  t h a t  f o r  yaw sensor output. The sensing element and geometrical 
configuration are again given by Figures 6 and 7,respectively. The 
relat ionship of t he  sensor re la t ive  t o  the  solar ce l l  bank is  given 
by Figure ll. L e t  ?I: and HL be perpendicular t o  sensor #1 face  
and sensor k2 face,respct ively.  
a t  an angle with respect t o  the  solar-cell-bank b,c-plane. If 
both axes 6,’ and 6; 

Both sensor faces a re  inclined 

are always aligned along axis b, then 

1.37 

€.n d 

1.38 

0 

0 I 

0 

I cosp 

I -sinp 
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- - -  -- -- 
-1 I a, cosp 0 sinp' d,, d,, dI3 cos8 

b2= 0 I 0 d,, d,, d,, .399sin8 

c, -Sinp 0 cospl d,, d,, d,, ~917sin8 

-1 

-I I 

- 

Kow Zquaticn 1.10 i s  a l s o  va l id  f o r  the servo-drive-sensor 
cutput. 
matrices are w r i t t e n  

In order  t o  determine t h e  necessar j  angles, the  f o l l c w i n ~ ,  

7-  

sin8 

t399c0~8 

.917cos8 
-- 

1.39 

- 
E 

B 

- 

I 
cosp 0 

0 I 

sinp 0 I 

And 

1.40 

0 

,917 

.393 

0 

.917 

.399 

where a n a h  the  $. elements are given by dquation 10.5, 
t he  earth's o r b i t d  angle about the sun, and 
of the incident sun rays on t h e  sensor elements. 

8 i s  
i s  t h e  d i rec t ion  

Multiplying out only the  necessary terms of Quat]ion 1.39 
gives 

I .4l 

. 
I 
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. Replacing p' with -p' i n  Fquation 1.41 a lso  solves Matrix 
1.40 givinp 

1.42 

- - 
codd, ,  cosp I +d,,sin,u 

+sin8[399(dI, cosp'+d,2sinp') 

-;9i7(dl,cosp I +dJnp'i 

Thus Xatrices 1.41 anu 1.42 give the  angles /T:,x and 

dubst i tut ion of these angles i n t o  Equation 1.10 with the  
respectively.  

replacement of xi f o r  ?i2 and x; f o r  H, gives 

I .  43 

CollectinE terms i n  Equation 1.43 gives 

1.44 

Eo=2 K sinp'[dalcos 8+.399da ~ i n 8 - . 9 1 7 d ~ ~ s i n  81 
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Finally,  subs t i tu t ing  the values d. from PIatrix 1.5 gives 
12 

1.45 

E,= 2 Ksinp' [cos8{( sinesina-cos ~ # ~ o s & o s f i )  sinA+(cos#sin&os+cosfi 

+sin+in+cosfi+cosecosJlsinSl)cos)$sinQ)cos$ 

59 17( cos <p cos8sin a + s in 8co sR, sin A-.S I 7 ~cosBcos~/cos a 
-cos+sinOcos+sinfi- sin+ sin+sin.~~cos$] 

+si&{399(-sin+cos&inX + sin #I sin&os$cosA-cos+sin$cosA) 

If it i s  aga in  assuned t h a t  

1.46 

x E62Ksinp'sin A 

Then f o r  8 = 0". 

I .  47 

where A -the sensed servo drive angle A- 

sin AX= cos+sinecos\l/cosQ,cosA+sin+sin+cosRcosA 

+cos&os+sinficosX+sin&inSlsinX- cos+cosecosR sinX 

O r  

sin A x = c o s ~ 2 [ c o s ~ s i n 8 c o s ~ 1 c o s ~ + s i n ~ s i n 9 c o s ~ - c o s ~ c ~ s e s , n ~ ]  

+sin f i E o s e ~ s ~ l c o s ~ + s i n e s i n ~ ]  

With similar reasoning as t h a t  f o r  the sensed ya.w angle ( Ay ), 
Equation 1.47 can be extended t o  be v a l i d  f o r  a l l  
b i a s  is, however, not necessary s ince  all t e rns  in Equation 1.45 
multiplied by the  f a c t o r  .39? van5sh as #) , 9 

6. The use of 

, and are nulled.  

As t he  vehicle o r b i t s  the ear th ,  it has previouslybeen 
shown that t he re  are two values f o r  t he  #) null position. 

I 



I .  
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For -90° < 

For +90° < a< 270 O ,  + i s  controlled t o  180'. 

< + 90°, Q> i s  controlled t o  0' 

I n  addition, if both 8 and $t are set equal t o  zero, Muation 
1.47 separates i n t o  two cases, 

I .  

1.48 

CASE 1 

CASE 11 

sin A = sinL!cosX-cosQsinX A 
sinA -sin(L!-X) for -9o0<i2<+9oo A' 
' A - Q-A 

* *  i- and $=& $=Oo 

s i n A  =sinSlcosA+ cosf isinh 

s i n A  -sin(180°- Ax)=sin(Sl+M and I 

A for +W" <Q< + 270" 

x- 

I n  order t o  n u l l  the  sensed servo drive s ignal ,  these equations 
show t h a t  t h e  control loop must enforce 

It is then evident t h a t  the solar c e l l  banks are driven at the  
saws r a t e  as the orb i ta3  anEdar  ve loc i ty  f o r  -90° < fi + 90°. I 
however, when 9OO< 
c'r;zn&es sign. I n  this interval,  the  s o l a r  c e l l  banks are  driven 
at a rate equal and oFrosite t o  t he  o r b i t a l  angular veloci ty .  
ve loc i ty  reversal  i s  automatic since tkere is a 1800 phase s h i f t  

< 2700, the veloci ty  of the solar cellbanks 

T h i s  



of t h e  sensed servo-drive s igna l  each time the  vehicle  r o t a t e s  
about a confusi.on point. For steady-state nulled conditions, the  
relat ionshlp - - -  of the solar bank coordinates (a,b,c) t o  the  vehicle 
axes (X,Y,Z) a s  t h e  vehicle o r b i t s  t h e  ear th  is  i l l u s t r a t e d  by 
Figure 12. 

Since sir,X = s i n a  f o r  steacy-state operation, X mar 
be used t o  resolve the yaw and roll s igna ls  as the vehicle  o rb i t s  
the earth. This i s  developd i n  the  conclusion of t h i s  report  and 
gives the sensed yaw s igna l  p r i o r i t y  over the sensed r o l l  s igna l  
on both s ides  of t he  "confusedtf yaw sensor posit ions ( a = 90° and 
0 = 2 7 0 O ) .  

AS shown by the  previous progress r e p o d ,  the  components of 
t he  general instantaneous-vehicle-ang-$-ar veloc i ty  ti? referenced 
t o  the  moving, vehicle axes x, P, and 2 are 

1.50 
. .  

wr = wil=$-+sin8 

Also developed i n  t h e  same r e p o r t  were t h e  angular ve loc i ty  
equations, including the o r b i t a l  ve loc i ty  h as 

1.51 

wr = $-$sinB+iisin+ose 

w Y = &os~cos+- isin++fi(sln+ sineas+- cos+sin+) 

where wr, up, and w are the  ro t a t iona l  ve loc i ty  conponents 
about the  body-f ixed con&ol axes. 

. I  

c 



The sensor oc tp ts  and the angda.r veloc i ty  components have 
Deen expressed i n  t e r n  of the  three independent-rotational angles 
$, 8 , arid and the orbit17 p s i t i o n  angle a. These will be 
used later t o  develop t h e  complete torque equations. 

A s  mentioned previously, each s o l a r  c e l l  bank is  considered 
t o  be a homogeneous rectaniiular parallelepiped as shown i n  Figure 
13. With reference t o  Figure 13, l e t  m be the mass of each solax 
c e l l  bank. As introduced previously, a,b,c i s  an orthogonal 
coordinate s e t  f ixed i n  the solar c e l l  bank and aligned to t h e  
- bank's principal  axes with b aligned along the vehicle f ixed  
Y-a,uis. Let d be the distance between t k e  and a axes. Consider 
11, 1 2 ,  and 13 t o  be the  dimensions of the  s o l a r  bank as illus- 
t ra ted .  
i R e r t i a  of the s o l s r  c e l l  bank along a, b, and c, r e s p c t i v e l y .  

Lefine I,, Ib, and IC to be the  pr incipal  moments of 

?hus,the rnoments o f  i ne r t i a  can be wr i t ten  as 

I .52 
2 2  

m(I2 + I,) 

12 I, = 

Oefining I,, I2 a d  I3 t o  be the t o t a l  moments of i n e r t i a  
of the  vehicle and both solar c e l l  banks referenced t o  t h e  
ve5icle axes P, 7, agd ?,respectively, and considering t h e  a- 
ads slimed i n  the  X-direction Eives: 

1.53 

I, = 1,+2(l,+rnd2) - 

where I,, Ip, Iy are  the moments of i n e r t i a  of only t h e  vehicle 
about the  r o l l ,  p i tch and yaw axes,respectively. 



'Ztcr %lie so l a r - ce l l  bank lias ro ta ted  5;Oo (i .e.  A =  90') 
t he  a-axis is then aligned t o  t h e  ?-axis Zirection,anr? t h e  
equation becomes 

I .54 

I, = $+2211++md2) 

& = lP+2(Ib) for A= 90" 

I, = Iy+2U, +md 2 ) 

hquations 1.53 and l.54 portray the  m&?m var ia t ion  of 
i n e r t i a  about the vehicle 's  p r inc ipa l  axes caused by the  s o l a r -  
cell-bank rotation. Xote t h a t  12 ( the  moi?ent of i n e r t i a  along 
t h e  P-axis) remains constant, but there  i s  a continuous in t e r -  
change between I1 and 13 as the bank ro ta tes .  
i s  ca.sed by the  difference between I, and IC as described by 
Quatioi1s 1.52. 

This interchange 

These equati ons a l so  ind ica te  a Freferable configuration 
for the solar bank i n  order t o  minimize t h i s  i i i e r t ia  change. 
This would be accomslished by making 1, l a rge  w i t h  respect 
t o  both I, and I,,tlius making the  difference between I, and 
Ib small. 

;ince the  ang le  X C a i  be ins t rmented ,  this var ia t ion  i n  
i n e r t i a  could be cont in lowly  compensated by gain changes. 
Wether  o r  not t i i s  i s  cecessary depends upon the magnitude of 
these i n e r t i a  var ia t ions.  

The torque expressions derived i n  the  previous progress 
report  merely need modification of t h e  moment of Snertia 
quant i t ies  i n  order t o  contain i n e r t i a  var ia t ions shown by 
xquations 1.53 and 1.s4. 
1.55 

These changes are shown by 

& I = - I  a w w ( I -  I)+& w 1 -Q w I +Jy+Dy 
y 3  F Y - r  p 2  I r P F  P r F  

where I , ,  12, and 1,are var ied parameters, with maximum deviations 
given by Equations 1.53 and lo.% 
iner t i a ,  6 is t h e  indicated flywheel speed and 6 i s  the indicated 
flywheel acceleration. 
disturbance torques . 

I, is t h e  flywheel moment of 

The indicated J and D terms are j e t  and 



The servo-drive loop i s  considered t o  be slow r e l a t i v e  t o  
the vehicle  att i tude-control system. Theref ore, the vehicle  
roll and yaw cross-couplincr. disturbances (because of t h e  solar 
bank's ro t a t ion )  may be neglected. Thus the  servo-drive torque 
dis turbs  the  vehicle only about t he  pitch u d s .  Since f r i c t i o n  
is an i n t e r n a l  loss, only the accelerat ion of t he  so la r -ce l l  
bank by the  servo-drive system will provide vehicle  pi tch 
disturbance. Adding t h i s  acceleration term t o  Equation 1.55 
gives 

1.56 

hr1,Z-I ti -w w (I -I I + &  w I -6 w I + J,+D, F r  P Y 3 2  P Y F  Y P F  

3 Y 3  I =-J' F Q Y -UJ r w d 2  I -I I ) + ~ , u ~ I + - Q ~ w ~ I ~ + J ~ + D ~  

This equation formulates the complete torque expression. 

. 

Previous mathematical equations and explanations have 
defined a theo re t i ca l ly  workable control  system f o r  a 24-hour 
s a t e l l i t e  i n  an equator ia l  o r b i t .  
reference, there a re  two confusion points(  n = 90' and n= 270°) 
at which yaw control  is l o s t .  There i s  a l so  a yaw reference 
Folar i ty  revers& a t  these t w o  points so t h a t  the vehicle m u s t  ro- 
tate 1800 sbout its yaw a x i s  each time a confusion point  is  passed. 
because of these vehicle rotations,  the  s o l a r  banks never ro ta te  
more thzin 180° as they are continuously driven t o  face the inci-  
dent sunlight.  
generated power i n t o  the vehicle, d i r ec t  interconnecting wires o r  
cables may be used. This can be an advantage, s ince  if  the solar 
banks had t o  continuously rotate, some type of s l i p  r ing arrange- 
ment would have t o  be used, resul t ing i n  moving par t s  subject  t o  
vTear. 

The major disadvantages resulting from yaw-ref erencing 
the sun are  the  yax-sensitivity decline and roll-coupling increase 
i n t o  the  yaw sensor as the confusion points are approached. Fief- 
erence t o  Figure lk w i l l  reveal both the yaw-sensitivity decline 
ana the roll-coupling increase i n t o  the yaw loop as the  
corifusion point i s  azproached. I n  order t o  hq rove  yaw-control 
s e n s i t i v i t y  f o r  normal steady-state operation, an invest igat ion 
of compensating networks w a s  msde. This invest igat ion produced 
a roll-coupling re jec t ion  a d  sensor-gain-compensation network 
which i s  i l l u s t r a t e d  by Figure 15. The resolving network i s  

6ince the  sun is used f o r  yaw- 

Therefore, i n  order t o  t r ans fe r  t he  so l a r - ce l l  

a= 90° 

23 
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based 011 a function of sols-bank-axle a g l e  which i s  an ava i l -  
able i n p t  and f o r  steaciy-state operation t s  equivalent t o  - t te 
s a t e ~ i t e  1s orbi ta l  angle sl . issumin;: steady-state conditions 
ana small q I c  d-stir.bances, iquatior! 1.28 na; be rcdixsc: to 

I .57 

cosR + A ,sinQ where s i n A y e  Ay 
and s i n A r a A r  

* Y= (AY)desired 

I f  the  sensed roll s i g n a l & i s  now multiplied by  sinA 
and subtracted from Xquation 1.57, the  r o l l  coupling i n t o  the 
yaw control loop  is  e f f ec t ive ly  rejected assuming e i t h e r  X-R 
o r  A= (180~ - 52). However, t h e  desired aw s igna l  ( Ay )d$$.$ 

yaw sensor gain relativel-y constant as t h e  a- 90° confusion 
point  i s  approached, an impl i c i t  resolving loop may be used t o  
provide yaw gain compensation. This compensating loop  i s  a l s o  
i l l u s t r a t e d  i n  Figure 15 where the  f i n a l  yaw output s igna l  may 
be expressed as 

st i l l  f a l l s  off as a cosine funct ion of d . Thus,to keep 

I .58 

K ( A )  cos R A' = A Y desired 
I i- KAcosh 

The constant valse L q L  represen-ls t h e  amplifier gain.  A s  t h i s  
i'or a l l  fi assunir;, ga in  becomes very largc,  B y +  ( ) e 

steady s t a t e  conditions. gquation 1.58 is  afso  plot ted i n  Figure 
lk as a r e l a t ive  yaw s igna l  gain f o r  the value of KA a r b i t r a r i l y  
equal t o  ?O. 
t i v e l y  f l a t  as the  s a t e l l i t e  approaches the  fi = 90' point and 
the  gain is s t i l l  i n  excess of 60% at 
t h i s  confusion point. 

$ire 

This shows tha t  t he  compensated yaw gain is  rela-  

5' on e i t h e r  s ide  of 

Figure 16 i s  a lso  included: t o  i l l u s t r a t e  t h e  amount of w i n  
compensation f o r  KA = 20, O f  course,no amount of compensation 
can resu l t  i n  sensed yaw s igna l  at the confusion point, s ince  
the  amplifier gain cannot become infinite. This represents an 
appreciable improvement i n  yaw sens i t i v i ty ,  however, s ince  the  
area of yaw control l o s s  i n  the  control  system is reduced t o  a 
space of only approximately loo at each confusion point. 
optimim value f o r  KA would of course depend upon the  satel l i te ' s  
mission specif icat ions concerning yaw gain as a function of sl . 

An 
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h 

T h e  primary requirement f o r  "t ightr1 yaw control i s  t o  
properly or ien t  the j e t  thrust  vector when the  s a t e l l i t e ' s  
o r b i t a l  ve loc i ty  must be chanRed. 
became necessary f o r  e i t h e r  a desirable o r b i t a l  maneuver o r  an 
o r b i t a l  ve loc i ty  correction cawed by j e t  th rus t  errors. 

T h i s  ve loc i ty  change might 

Assume the s a t e l l i t e  t o  be i n  the  2b-hour equator ia l  
o rb i t  and it becomes desirable t o  s h i f t  i ts posi t ion from one 
point t o  another over the  earth's equator. This s h i f t  i n  
posit ion i s  s t a r t ed  by e i t h e r  increasing o r  decreasing the  or- 
b i t a l  ve loc i ty  of t he  s a t e l l i t e  through the  use of some type 
of j e t s .  The s a t e l l i t e ' s  orbit  is  now e l l i p t i c a l .  After a 
specified number of revolutions and,when the  s a t e l l i t e  is over 
the  desired point on earth, an equal and opposite jet th rus t  
lnust be applied i n  order t o  c i rcular ize  the  o rb i t  a g a h .  If 
the s a t e l l i t e  is  t o  remain i n  the  equator ia l  plane,the j e t s  
m u s t  be properly oriented. 
veloci ty  should be made only while t i g h t  yaw control of t he  
vehicle is maintained. 
gain compensation as explained earlier reduces the  areas of 
yaw confusion t o  about 2 5 degrees on each s ide  of the confusion 
points ( a = ?OO and = 270°). This gives approximately two- 
10 degree areas of confusion las t ing f o r  40 minutes each. 
course bhese areas may be reduced by increasing KA. 

point other than t h e  two confusion areas would present no 
control  system problems,since both the  yaw gain and sensi- 
t i v i t y  are high. 
become necessary t o  i n i t i a t e  o r b i t a l  changes o r  veloci ty  
corrections while the satellite w a s  within a confusion area. 
I n  th& area, yaw control is not only poor, but t h e  vehicle 
must ro t a t e  1800 about the  yaw axis because of t h e  yaw-reference 
polar i ty  s h i f t  at the confusion point. Therefore, it is  not 
advisable t o  f i re  the j e t s  for o r b i t a l  ve loc i ty  change. How- 
ever, if conservation of je t  f u e l  o r  optimization of o r b i t a l  
change(with respect t o  time) d ic ta tes  t ha t  the  j e t s  m u s t  be 
f i r e d  within a confusion area, the  same ef fec t ive  resu l t  can 
be accomplished. Theoretically, t h i s  is  p s s i b l e  by applying 
two j e t  t h r u s t  vectors which have an equivalent th rus t  re- 
su l tan t  at the desired point within a confusion area. 

Therefore,any changes i n  o r b i t a l  

Use of roll-coupling re jec t ion  and yaw 

Of 

Any changes i n  o r b i t a l  velocity of t he  s a t e l l i t e  at anr 

It m u s t  be presumed,though, t h a t  it could 

Thus, an effect ive orb i ta l  change a t  a confusion point 
can be produced by properly f i r ing  jets ju s t  p r ior  t o  and 
inmediately a f t e r  the s a t e l l i t e  passes a confusion area. 
It may then be seen tha t  o rb i t a l  ve loc i ty  changes can be 
accomplished at any point i n  the s a t e l l i t e  orb i t  
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As mentioned previously, t h e  s a t e l l i t e  m u s t  r o t a t e  180 
degrees i n  yaw at each confusj.on point ( a = 90° o r  a = 270°) 
o r  once every 1 2  hours. 
energized by a l i m i t  switch when the  solar banks reach t h e i r  
maximum angular t r ave l .  
does not become f u l l y  effecti.ve u n t i l  5 degrees beyond t h e  
confusion point,, the  vehic le ' s  yaw a - g u l a r  ve loc i ty  m u s t  be 
180 degrees i n  20 min. o r  -15 dee/sec. If a j e t  p a i r  i s  f i r e d  
at  each confusion r o i n t  t o  impart an angular h p u l s e  resu l t ing  
i n  an angular veloc i ty  of  -15 deg/sec., t he  yaw sensor will be 
jroperly aligned t o  i t s  reference wken the yaw loop becones 
f u l l y  er"f ect ive . 

This can be a control led maneuver 

! i i t h  the  assumption t h a t  the yaw loop 

For steady-state operation the  s o l a r  banks must ro t a t e  
130 degrees i n  1 2  hours o r  i ts  angulzr ve loc i ty  mus '  be 
.25 deg/min. 
re la t ive ly  slow compared t o  the  vehicle-s t t i tude-  cont ro l  
s3;stem. A s  mentioned previously, t h i s  i s  an advantake from 
the  standpoint of minimizing vehicle disturbance because of 
solar-bank rotat ion.  
so la r -bank drive loop, ve loc i ty  l imit ing can be used. By 
using; a proper amount of g e a r  reduction between t h e  dr ive 
motor  and ti c ~ u l c i - L z x L  axle, a l i i i i t ed  value o i  );,-,-,ox 
r K U  resul t  when the  motor reaches naxi-num cl;eed. T h i s  is 
i l l u s t r a t e d  by r"ip,ure 17 with Xmax arbi-brarily equal t o  
1 aeg/min. 
xun angular t r ave l  of the  s o l a r  banks t o  -POo < ),< 90°. 
Also included i s  a tachometer feedback loop  i n  the  event 
t h a t  the motor back emf does not provide t h e  desired l o o p  
t i q , i n ,  . 

Therefore, t he  s o l a r  bank dr ive loop can be 

To always insure a r e l a t i v e l y  s l o w  

A limit switch i s  also shown t o  l i m i t  the  maxi- 

Figure 18 gives an ove ra l l  attitude-control-system 
block diagram less the  complete j e t  back-up portions f o r  t h e  
p i t c h , r o l l  and yaw channels. A l l  the  previously mentioned re- 
jection, compensating, and l imit ing networks are included. A s  
an optional fea ture ,  a switch controlled by is shown a s  an 
input t o  the  yaw gain compensation amplifier.  Thus,the yaw 
gain may be switched t o  zero i n  the  regions of yaw confusion 
although , theoret ical ly ,  t h i s  is  not n e c e s s a y  s ince the  gain 
m u s t  fall t o  zero,= i l l u s t r a t e d  by Figure 2.4. 

As developed i n  the  previous progress report ,  it w a s  
shown that  t h e  angular momentum stored i n  t h e  yaw and roll fly- 
whels of t h e  control system m u s t  be continuously exchanged at 
a frequency of one cycle per day. This is because of t he  con- 
t r o l l e d  ro t a t ion  of the  satel l i te  about i ts  p i t ch  axis as it 
o rb i t s  the ear th  every 24 hours. 
consideration i n  t h i s  report  has t h i s  same control led rotat ion,  
i t s  yaw ana roll flywheel speeds m u s t  a lso  vary s inusoida l ly  
with a 90° phase relationship.  
points, when the  vehicle  ro ta tes  1800 about t he  yaw ax is ,  there  

Since the'  satell i te under 

However, at t h e  two confusion 

, 



m u s t  a l s o  be a po la r i ty  s h i f t  i n  both the pi tch and roll flywheel 
speeds because of the  yaw rotation. 
t yp ica l  momentum exchange f o r  the  yaw, p i tch  and r o l l  flywheels 
over a 24 hour in t e rva l .  This i l l u s t r a t i o n  assumed no ex terna l  
disturbances and was plot ted for in i t iaJ .  flywheel speeds of 
2,000 RPM, 1250 RPM and 0 RPI4 f o r  ya.w,pitch and rol l , respect ively.  
The t r ans i en t s  i n  the  flywheel speeds during the  periods of confusion 

Figure 19 i l l u s t r a t e s  a 

(denotea by the shaded areas)are not shown. 
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